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An Efficient Control Strategy of Epidemic Spreading on Scale-Free Networks
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We present a novel and effective method for controlling epidemic spreading on complex networks, especially
on scale-free networks. The proposed strategy is performed by deleting edges according to their significances
(the significance of an edge is defined as the product of the degrees of two nodes of this edge). In contrast
to other methods, e.g., random immunization, proportional immunization, targeted immunization, acquaintance
immunization and so on, which mainly focus on how to delete nodes to realize the control of epidemic spreading
on complex networks, our method is more effective in realizing the control of epidemic spreading on complex
networks, moreover, such a method can better retain the integrity of complex networks.

PACS: 89. 75. Hc, 06. 70. Ln, 87. 23. Ge
Since the modelling of the small world network
proposed by Watts and Strogatz,[1] and the scalefree network suggested by Barabási and Albert,[2] the
studies of complex networks have attracted more and
more interest in recent years. With the acquaintance of topological structures of complex networks,
research of dynamical processes on complex networks
have proved to be interesting and of vital importance. Examples of such dynamics include epidemic
spreading,[3−16] the synchronization and pinning control of oscillators,[17,18] phase transitions[19] and so on.
Among the above cases, epidemic spreading on complex networks is especially significant, since many disease outbreaks in biological systems can be viewed as
the spread of an epidemic on complex networks.
When an epidemic spreads on a complex network,
the topology structure of that network should be considered into the corresponding epidemic model. The
susceptible/infective/susceptible (SIS) model on networks can be generally described as
𝑑𝐼𝑘 (𝑡)
= 𝜆𝑘(1 − 𝐼𝑘 (𝑡))Θ(𝑡, 𝑘) − 𝐼𝑘 (𝑡),
𝑑𝑡

(1)

where the infection rate 𝜆 ∈ (0, 1] denotes the probability with which each susceptible node is infected
if it is connected to one infected node. Θ(𝑡, 𝑘) gives
the probability that a randomly chosen link emanating from a node of connectivity 𝑘 leads to infected
nodes and has the following form
∑︁
Θ(𝑡, 𝑘) =
𝑃 (𝑘 ′ |𝑘)𝐼𝑘′ (𝑡),
(2)
𝑘′

where the conditional probability 𝑃 (𝑘 ′ |𝑘) means that

a randomly chosen link emanating from a node of connectivity 𝑘 leads to a node of connectivity 𝑘 ′ .
For the spread of an epidemic on complex networks, there are two aspects which are mainly studied: One is the determination of the epidemic threshold 𝜆𝑐 , which is generally calculated by the ratio
𝜆𝑐 = ⟨𝑘⟩/⟨𝑘 2 ⟩ with average degree ⟨𝑘⟩ = Σ𝑘 𝑘𝑃 (𝑘)
and deviation degree ⟨𝑘 2 ⟩ = Σ𝑘 𝑘 2 𝑃 (𝑘), where 𝑃 (𝑘) is
the degree distribution of network. The disease will
outbreak when the infection rate 𝜆 > 𝜆𝑐 , otherwise,
the contagion of disease is self-limiting. Recently, a
striking result is that the epidemic threshold 𝜆𝑐 is null
if the epidemic spreads on a scale-free network with
sufficiently large size (⟨𝑘 2 ⟩ → ∞ in this case).[3−5]
The other one is the control strategy of an epidemic
on complex networks, which has constructive meanings on the prevention of the epidemic spreading. Up
to now, several famous control strategies have been
proposed by researchers. For example, proportional
immunization needs to immunize a very large fraction
of nodes in a complex network. Targeted immunization, which we here also call node targeted control
strategy to differentiate from our strategy, gives immunization to the highly connected individuals and
has proven to be an effective control strategy when
epidemics happen on scale-free networks. Acquaintance immunization calls for the immunization of random acquaintances of random individuals.[8] Although
the mentioned strategies can prevent or restrain the
spreading of an epidemic, they are prone to isolate the
related individuals from the complex networks, which
will destroy the integrity of the network (means the
connectivity of the whole network). Generally, it is vi-

* Supported by the National Natural Science Foundation of China under Grant Nos 60744003, 10635040 and 10532060, the
Specialized Research Fund for the Doctoral Program of Higher Education of China (20060358065), the National Science Fund for
Fostering Talents in Basic Science (J0630319), the Foundation of Anhui Education Bureau under Grant No KJ2007A003, and the
Natural Science Foundation of Anhui Province under Grant No 070416225.
** Email: xcfu@shu.edu.cn
*** Email: bhwang@ustc.edu.cn
c 2009 Chinese Physical Society and IOP Publishing Ltd
○

068901-1

CHIN. PHYS. LETT. Vol. 26, No. 6 (2009) 068901

network.[20]
In Fig. 1, we give a simulation to verify that our
strategy (edge targeted control strategy) can better
retain the integrity of the network. One can find that
most of the nodes are still connected in the network
even though 2000 edges (red) and 2500 edges (blue)
are deleted according to their significances for the BA
network with 𝑁 = 1000, 𝑚 = 3, 𝑚0 = 4 (the total
number of edges is 2994) and 𝑁 = 1000, 𝑚 = 4, 𝑚0 =
5 (the total number of edges is 3890), respectively.
This phenomenon can be explained as follows: according to our strategy, at each time step the edges linked
to nodes with higher degrees will be removed from the
network at first, but the node will not be isolated from
the network since it is still linked by other edges.
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Fig. 1. The number of nodes (which is not separated from
the network) with respect to the number of deleted edges
according to their significance. For the BA network with
𝑁 = 1000, 𝑚 = 3, 𝑚0 = 4, the number of connected nodes
is more than 975 after 2000 edges are deleted according to
their significance. More than 980 nodes remain in the network after 2500 edges are deleted according to their significance for the BA network with 𝑁 = 1000, 𝑚 = 4, 𝑚0 = 5,
respectively. All the data are obtained by averaging over
20 independent realizations.
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tal importance to retain the integrity of a network. For
example, in an Internet network, some hub routers can
not be deleted directly from the Internet even though
they are infected by a virus. The deletion of these
hub nodes will break the integrity of the network, and
the information can not be effectively spread on the
Internet.
Next, we will propose an effective and novel control
strategy: edge targeted control strategy, which deletes
certain edges according to the edge’s significance. As
we will show later, the efficiency of our strategy is the
same as or even better than the node targeted control strategy in the control of epidemic spreading on
scale-free networks. Moreover, our strategy can better
retain the integrity of a network.
The strategy is proposed as follows. The significance 𝐶𝑖,𝑗 of an edge is calculated by the product
of degrees of the two nodes 𝑖 and 𝑗 at both sides of
this edge, i.e., 𝐶𝑖,𝑗 = 𝑘𝑖 𝑘𝑗 , where 𝑘𝑖 and 𝑘𝑗 are the
degrees of the node 𝑖 and node 𝑗, respectively. After computing the significance of all edges, we rank
the edges in descending order according to their significance. At each time step, we cut the edges with
the highest rank. After deleting the most significant
edges, we then compute the corresponding infection
threshold 𝜆𝑐 = ⟨𝑘⟩/⟨𝑘 2 ⟩. By repeating the above process, the correlation between 𝜆𝑐 and the number of cut
edges 𝑛 can be obtained.
One thing which should be carefully noticed is that
the above proposed strategy is not to give immunization to certain nodes in a network, but to delete certain edges to reduce the probability of an outbreak of
an epidemic on complex networks. The operation process of our method is similar to the decoupling process
method considered in Ref. [17], which is to enhance the
synchronizability of a network. Then, the decoupling
process just deletes one edge at each time step even
though several edges have the same significance, and
we will delete all edges if the edges have the same
highest significance at each time step.
Just as we stated in the above context, for a scalefree network, the infection can prevail even though 𝜆
is very small because of the heterogeneity of the scalefree network, that is, some hub nodes are convenient
foro the spread of an epidemic on a scale-free network.
In view of this, our strategy is essentially to eliminate the effect of hub nodes in networks, such that
the infection threshold 𝜆𝑐 can be increased dramatically. All simulations in this study are carried out on
the scale-free Barabási–Albert network(BA) with size
𝑁 = 1000, which can reflect many real complex systems. Starting from 𝑚0 fully connected nodes, a new
node with 𝑚 (𝑚 < 𝑚0 ) edges is added to the existing
different nodes at each time step. The newly added
nodes connect to the old ones according to a preferential attachment
mechanism in such a way that the
∏︀
probability
of
connecting to a existing node 𝑖 is
⧸︀∑︀ 𝑖
∏︀
=
𝑘
𝑘
,
where
𝑘𝑖 is the degree of node 𝑖 and
𝑖
𝑖
𝑗 𝑗
the sum runs over all the existing nodes in the current
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Fig. 2. The number 𝑛 of deleted edges with respect to the
fraction 𝜌 of deleted nodes based on node targeted control
strategy.

Though a few of nodes are removed from the scalefree network by the node targeted control strategy,
the strategy will result in more deleted edges the degrees of hubs are very high. In order to compare the
effect of node targeted control strategy with our proposed strategy, in Fig. 2 the relation between the number of deleted edges (𝑛) and the fraction of deleted
nodes (𝜌) under the node targeted control strategy
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is demonstrated. As shown in Fig. 2, the number of
deleted edges 𝑛 is very large even though the fraction
of deleted nodes 𝜌 is small.
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From Figs. 2–5, the simulations are carried out on
the BA network with 𝑁 = 1000, 𝑚 = 3, 𝑚0 = 4, and
each data is obtained by averaging over 20 individual
realizations.
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Fig. 3. Different changes of the ratio ⟨𝑘⟩/⟨𝑘2 ⟩ with respect to the number 𝑛 of edges deleted based on edge targeted control strategy (red), node targeted control strategy (black) and edge random control strategy (blue), respectively.
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Fig. 4. Different evolvements of the density 𝐼(𝑡) of infected individuals with respect to the fraction 𝜌 of nodes
deleted under different control strategies: (a) for node targeted control strategy, (b) for edge targeted control strategy, (c) for edge random control strategy.
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Fig. 5. Effects of different control strategies on epidemic
threshold 𝜆𝑐 when 1900 edges are deleted (corresponding
to 𝜌 = 0.1 for the node targeted control strategy).

From Fig. 2, we can find that the number of deleted
edges 𝑛 is about 1900 when the fraction of deleted
nodes becomes 𝜌 = 0.1 under the node targeted control strategy. Thus, we here check the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩
vs the number of deleted edges, 𝑛, according to their
significances in Fig. 3. After 1900 edges are deleted,
the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ is enhanced dramatically. In order to compare the effect of our strategy with the one
which deletes edges randomly (here we name the edge
random control strategy), we also study the change
of ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ in Fig. 3 when the edges are deleted
randomly. From this figure, we can see that the edge
targeted control strategy is more effective than the
edge random control strategy. Furthermore, one can
also find that the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ is about 0.41 when
1900 edges are deleted according to their significance,
.
which is larger than the value ⟨𝑘⟩/⟨𝑘 2 ⟩ = 0.3 under the
.
node targeted control strategy with 𝑛 = 1900 (corresponding to 𝜌 = 0.1).
We also use the SIS model on the scale-free network as an example to demonstrate the density of infected individuals 𝐼(𝑡) vs the number of deleted edges,
𝑛, for different strategies (including node targeted control strategy, edge targeted control strategy and edge
random control strategy) with the same spreading rate
𝜆 = 0.25. In Fig. 4(a), we show the density 𝐼(𝑡) of
infected individuals as a function of the fraction 𝜌
of deleted nodes when node targeted control strategy is considered. Just as shown in Fig. 3, the ratio
⟨𝑘⟩/⟨𝑘 2 ⟩ ≤ 0.25 when 𝑛 ≤ 1700, so the infected individuals are always prevalent when 𝑛 < 1700. In
.
addition, we obtain the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ = 0.3 > 0.25
when 𝑛 = 1900, as a result, the epidemic will be extinct (black curve). As shown in Fig. 3, one can find
that the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ > 0.25 when the number of
deleted edges satisfies 𝑛 ≥ 1400 based on our strat-

068901-3

CHIN. PHYS. LETT. Vol. 26, No. 6 (2009) 068901

egy. Then the epidemic will die out when 𝑛 ≥ 1400,
which is also verified in Fig. 4(b). For the edge random
control strategy, the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ is always less than
0.25 even though 1900 edges are deleted randomly (see
Fig. 3, blue curve). Therefore, the infected individuals
will always prevail in the network, which is verified by
Fig. 4(c).
Finally, we simulate the epidemic threshold 𝜆𝑐 under different control schemes as shown in Fig. 5. Obviously, our strategy can enhance the epidemic threshold
𝜆𝑐 dramatically, that is, the epidemic spreading on a
complex network is suppressed successfully. Moreover,
the strategy is better than the node targeted control
strategy when 𝑛 = 1900 edges are deleted. We also
simulate other BA networks with different parameters, and find that the obtained results are all similar
to above.
In summary, we have put forward a novel and efficient strategy for controlling the spread of an epidemic
on scale-free networks: the edge targeted control strategy. By considering the ratio ⟨𝑘⟩/⟨𝑘 2 ⟩ and the density 𝐼(𝑡) of infected individuals both as functions of
the number of deleted edges according to our strategy,
simulations have indicated that the proposed strategy
can effectively inhibit epidemic spreading on complex
networks, especially on scale-free networks. Moreover,
our strategy can better retain the integrity of networks. Almost all previous control strategies only consider how to delete nodes. As a result, the integrity
of the network may be badly destroyed, which may
give unsatisfactory results in many practical applications. For example, the cascades failure phenomenon

may emerge if some hub nodes are deleted from the
networks.[21] Thus, our control scheme may be of great
significance for preventing the spread of an epidemic
in many real epidemic systems.

References
[1] Watts D J and StrogtzS H 1998 Nature 393 440
[2] Albert R and Barabási A L 1999 Science 286 509
[3] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. Lett.
86 3200
[4] Pastor-Satorras R and Vespignani A 2001 Phys. Rev. E 63
066117
[5] Pastor-Satorras R and Vespignani A 2002 Phys. Rev. E 65
036104
[6] Moreno Y, Pastor-Satorras R and Vespignani A 2002 Eur.
Phys. J. B 26 521
[7] Lloyd A L and May R M 2001 Science 292 1316
[8] Cohen R et al 2001 Phys. Rev. Lett. 86 3682
[9] Zhang H F et al 2008 Nonlinear Biomed. Phy. 2 2
[10] Zhang H F and Fu X C 2009 Nonlinear Analysis 70 3273
[11] Fu X C et al 2008 Phys. Rev. E 77 036113
[12] Olinky R and Stone L 2004 Phys. Rev. E 70 030902(R)
[13] Zhou T et al 2006 Phys. Rev. E 74 056109
[14] Bai W J, Zhou T and Wang B H 2007 Physica A 384 656
[15] Yan G, Zhou T, Wang J, Fu Z Q and Wang B H 2005 Chin.
Phys. Lett. 22 510
[16] Zhou Y, Liu Z and Zhou J 2007 Chin. Phys. Lett. 24 581
[17] Yin C Y, Wang W X, Chen G R and Wang B H 2006 Phys.
Rev. E 74 047102
[18] Zhao M, Zhou T, Wang B H and Wang W X 2005 Phys.
Rev. E 72 057102
[19] Sen P, Banerjee K and Biswas T 2002 Phys. Rev. E 66
037102
[20] Barabási A L, Albert R and Jeong H 1999 Physica A 272
173
[21] Motter A E, Lai Y C 2002 Phys. Rev. E 66 065102(R)

068901-4

