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In this paper, we propose an alternative model for collaboration networks based on
nonlinear preferential attachment. Depending on a single free parameter “preferential
exponent”, this model interpolates between networks with a scale-free and an exponential
degree distribution. The degree distribution in the present networks can be roughly
classified into four patterns, all of which are observed in empirical data. And this model
exhibits small-world effect, which means the corresponding networks are of very short
average distance and highly large clustering coefficient. More interesting, we find a peak
distribution of act-size from empirical data which has not been emphasized before. Our
model can produce the peak act-size distribution naturally that agrees with the empirical
data well.
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1. Introduction
The last few years have witnessed a tremendous activity devoted to the characterization and understanding of complex networks,1– 4 which arise in a vast number of
natural and artificial systems, such as the Internet,5 – 7 the World Wide Web,8,9 social networks of acquaintance or other relations between individuals,10 – 12 metabolic
networks,13 – 15 food webs16 – 19 and many others.20 – 26 Owing to the computerization of the data acquisition process and the availability of high computing powers,
scientists have found that the networks in various fields have some common characteristics, which inspires them to construct a general model. Recently, some pioneer
works have been done that bring us new eyes of the networks’ evolution mechanism. For instance, Barabási and Albert introduced a scale-free network model
(BA network),27 which suggests that two main ingredients of self-organization of a
network in a scale-free structure are growth and preferential attachment.
So far, BA model may be the most successful model to fit the empirical results
of complex systems, but there are still a great number of real networks whose
evolution mechanisms cannot be explained by the BA model. In fact, we should
not ask for an all-powerful model which can explain the reason of a freewill real
network coming into being, since many different networks have distinct underlying
growth mechanisms. Therefore, it is meaningful to construct a microscopic suitable
model aiming at a special kind of network.
A particular class of networks is the so-called collaboration networks, which is
considered to be a kind of social network in the early studies. In the social sciences,
a collaboration network is generally defined as a network of actors connected by
common membership in groups of some sort, such as clubs, teams or organizations.
Some empirical studies relevant to collaboration networks have been done, including scientific collaboration networks,28 – 32 board of directorships,33,34 movie actors
collaboration networks,35 social events attending networks for women,36 and so on.
It is worthwhile to point out that the extension of collaboration networks should
not be restricted within social networks. One instance is the software collaboration
networks,37 and more examples not related to social networks will be shown in the
following text.
Ramasco, Dorogovtsev and Pastor-Satorras have proposed a model for collaboration networks (RDP model for short).38 In the RDP model, they found the
power law behavior in degree distribution, the nontrivial clustering-degree correlation and nontrivial degree-degree correlation. By introducing the mutual selection
mechanism,39 Li et al. have established a model for weighted collaboration networks in which both the power law weight distribution and degree distribution are
obtained.40 Zhang et al. proposed a collaboration network model based on the competition of preferential and random attachment.41 Very recently, González, Lind and
Herrmann proposed a network model consisting of mobile agents, which provides
us the possible mechanism of social networks’ evolution.42,43
In this paper, we propose an alternative model for collaboration networks based
on nonlinear preferential attachment. Depending on a single free parameter, the
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preferential exponent, this model interpolates between networks with a scale-free
and an exponential degree distribution. The degree distributions of the present
networks can be roughly classified into four patterns, all of which are observed
in empirical data. And this model exhibits small-world effect, which means that
the corresponding networks are of very short average distance and highly large
clustering coefficient. More interestingly, we find a peak distribution of act-size from
empirical data which has not been emphasized before. Our model can produce the
peak act-size distribution naturally that agrees with the empirical data well.
The present paper is organized as follows. In Sec. 2, we introduce our model.
In Sec. 3, we show the small-world effect exhibited by this model. In Sec. 4, we
display the simulation results of degree distribution, and demonstrate that the
degree distribution is approximated to a stretched exponential distribution47 with
adjustable parameter c. In Sec. 5, we show the simulation results and some empirical
data of act-size distribution. The comparison and qualitative discussion are also
included. Finally, in Sec. 6, we draw the main conclusion of our work.
2. The Model
Our network starts with m0 nodes which are fully connected. Then, at each time
step, we add a new node into the network that will have a collaboration with
some existing nodes. We assume that the probability that an existing node x is
chosen to be an actor in the collaboration is proportional to k α (α ≥ 0), where
k is the degree of x and α is the so-called “preferential exponent” denoting the
degree of preferential attachment. For α > 0, we have preferential attachment.
This mechanism, named nonlinear preferential attachment, is firstly proposed by
Krapivsky et al. to explain the exponential cut-off in the tail of power-law degree
distribution.44,45 All the existing nodes which are chosen to be collaborated will link
to the new node, and if two chosen old nodes have never collaborated so far, there
will be a new edge added connecting them.46 This is the main difference between
our model and Krapivsky’s, since in Krapivsky’s model, the old nodes will not
connect to each other. It is obvious that this model can be stretched to a weighted
one by using the times of collaborations between the corresponding two nodes as
edge weight. Since the aim of this paper is to introduce the characteristics of nonweighted networks, the simulation and analysis relevant to weighted networks will
not be included, as they will be published elsewhere.
It should be noted that the act-size is not fixed at each time step since whether
a certain node is chosen will not affect other nodes. We suppose that a node with
degree k will be chosen with the probability
λk α
(1)
π(k) = P α ,
i ki
P
in which λ is a constant, and i kiα is the normalization factor. Using hsi to represent the average value of act-size such as the mean number of authors per paper,
we will conclude that hsi ≈ λ + 1, since the number of nodes chosen each time
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has the expecting value Σπ(k) = λ. Thus, λ is a parameter which can be used to
control the average act-size of the whole network. Therefore, when we simulate an
idiographic network of known average act-size, the parameter λ is not free.
3. Small World Effect
In a network, the distance between two nodes is defined as the number of edges
along the shortest path connecting them. The average distance L of the network,
then, is defined as the mean distance between two nodes, averaged over all pairs of
nodes and often considered to be one of the most important parameters to measure
the efficiency of communication networks. The clustering coefficient C(x) of node x
is the ratio between the number of edges among A(x) and the total possible number,
where A(x) denotes the set of all the neighbors of x. The clustering coefficient C of
the whole network is the average of C(x) over all x. Empirical studies indicate that
most real-life networks have much smaller average distance (as L ∼ ln N where N
is the number of nodes in the network) than the completely regular networks and a
much greater clustering coefficient than those of the completely random networks.
And these two properties, small average distance and large clustering coefficient,
make up the so-called “small world effect”.
Inspired by the empirical studies on real-life networks, Watts and Strogatz proposed a one-parameter model (WS model) that interpolates between an ordered
finite-dimensional lattice and a random graph by randomly rewiring each edge of
the regular lattice with probability p.35 In the WS model, L scales logarithmatically with N , and the clustering coefficient is much larger than that of the random
network, which is in excellent agreement with the characteristics of real networks.
The pioneering article of Watts and Strogatz started an avalanche of research on
the properties of small-world networks. In this section, we would like to demonstrate
that the networks generated by the present rules display small-world effect.
At first, we study the average distance of the present model using the approach
similar to that in Refs. 48 and 49. Using symbol d(i, j) to represent the distance
between nodes i and j, the average distance of present networks with order N ,
denoted by L(N ), is defined as:
L(N ) =

2σ(N )
,
N (N − 1)

(2)

X

(3)

where the total distance is:
σ(N ) =

d(i, j) .

1≤i<j≤N

The distance between two existing nodes will not increase with the increasing of
network size N , thus we have:
σ(N + 1) ≤ σ(N ) +

N
X
i=1

d(i, N + 1) .

(4)
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Assume that h existing nodes, x1 , x2 , . . . , xh , are selected to collaborate with the
new node N + 1, then:
d(i, N + 1) = min{d(i, xj )|j = 1, 2, . . . , h} + 1 .
(5)
PN
In a rough version, the sum i=1 min{d(i, xj )} can be expressed approximately in
terms of L(N − h + 1):
N
X

min{d(i, xj )} ≈ (N − h)L(N − h + 1) .

(6)

i=1

In order to avoid the network being unconnected, always set λ > 1 and compel
h ≥ 1, which leads to (N − h)L(N − h + 1) ≤ (N − 1)L(N ).
Combining the results above, we have:
σ(N + 1) < σ(N ) + N +

2σ(N )
.
N

(7)

Consider (7) as an equation, then the increasing tendency of σ(N ) is determined
by the equation:
dσ(N )
2σ(N )
=N+
,
dN
N

(8)

σ(N ) = N 2 ln N + H ,

(9)

which leads to

where H is a constant. As σ(N ) ∼ N 2 L(N ), we have L(N ) ∼ ln N . Since (7) is an
inequality in fact, the precise increasing tendency of L is a little tardier than ln N .
In Fig. 1, we report a typical simulation result on average distance of the present
networks under parameters α = 1 and λ = 3, which agrees with the analytical result
well.
In succession, we discuss the clustering coefficient. As mentioned above, for an
arbitrary node x, the clustering coefficient C(x) is:
C(x) =

2E(x)
,
k(x)(k(x) − 1)

(10)

where E(x) is the number of edges between any two nodes in the neighbor-set A(x)
of node x, and k(x) = |A(x)| denotes the degree of node x. The clustering coefficient
C of the whole network is defined as the average of C(x) over all nodes.
Figure 2 exhibits the simulation results on clustering coefficient of the present
networks versus network size. From Fig. 2, one can find that the present networks
display a highly clustered property even for large N . Therefore, our model exhibits
a completely different clustering structure from that of BA networks, in which the
clustering coefficient is very small and decreases with the increasing of network size
N , following approximately C ∼ (ln2 N/N ).51
In addition, we plot the clustering coefficient as a function of α with fixed
network size N = 5000 in Fig. 3. The two curves with different λ are almost
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Fig. 1. The dependence between the average distance L and the network size N . One can see that
L increases very slowly as N increases. The main plot exhibits the curve where L is considered
as a function of ln N , which is well fitted by a straight line. The curve is under the fitting line for
sufficiently large N , which indicates that the increasing tendency of L can be approximated as ln N
and in fact a little slower than ln N . The inset shows the average distance L vs lnlnN , the error of
linear-fitting by form lnlnN is smaller than ln N , indicating that the networks may be considered
as ultrasmall world networks.50 All the data are obtained by 10 independent simulations with
parameters α = 1 and λ = 3.

the same, thus the clustering coefficient is influenced little by λ. Both of the two
curves increase monotonically with α, since α represents the degree of preferential
attachment, this phenomenon reveals that the larger difference between attraction
of preponderant and puny individuals will lead to greater clustering behavior.
Even when the network grows without preferential attachment (i.e., α = 0),
the clustering coefficient of our model is much greater than completely random
networks, because of its special linking mode proposed here. For α > 1.5, the clustering coefficient is approximate to 1, and the structure of corresponding networks
is similar to a star in topology.52,53 The difference is that in our networks with very
large α, the central part is not one node like star, but many nodes almost fully
connected to each other. Since the structure for networks with α > 1.5 is much
different from reality, we will not discuss their characteristics hereinafter.
Summing up, the present networks possess both very large clustering coefficient
and very small average distance which agree with previous empirical studies well.
4. Degree Distribution
The degree distributions of real-life networks are varied.54,55 Some of them, such
as the acquaintance network of Mormons56 are Gaussian; some such as the powergrid of southern California are exponential35 and some such as the network of
the World Wide Web are power-law.8,9 However, the degree distributions of most
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Fig. 2. The clustering coefficient vs network size N . The main plot and inset exhibit the dependence between the clustering coefficient C and network size N . One can see clearly that the
clustering coefficient of the present networks is sufficient large even for big N .

real-life networks do not obey these simple forms above, they may interpolate between Gaussian and exponential ones such as the network of world airports,54 or
interpolate between exponential and power-law ones such as citation networks in
high energy physics,57 or in another form.58
In this section, we focus on the empirical results of collaboration networks.
In 2001, Newman investigated the statistic properties of scientific collaboration
networks. He demonstrated that the degree distribution can be well fitted by an
truncated power-law in the form p(k) ∼ k −τ e−(k/kc ) ,29 or considered as a double power-law.28 Csányi and Szendröi have investigated the acquaintance networks
from WIW project where the double power-law is also detected.32 In fact, Lehmann
et al. have shown an example where the observed double power-law can be well fitted by a stretched exponential form.57 In Appendix A, the details about stretched
exponential distribution(SED) are shown, including the definition of SED, the basic
properties of SED, the relations between SED and exponential distribution as well
as power-law distribution, and the reason why we use SED in this paper. Figure 4
shows the degree distribution of the scientific collaboration network proposed by
Newman28,29 which can be well fitted by SED with c = 0.73 indicating this distribution is more approximated to exponential form rather than power-law form.
Another famous example is the collaboration network of movie actors,35 which displays power-law only in its middle region. This distribution is also consistent with
a stretched exponential form with c = 0.45 (see Fig. 5).
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Fig. 3. The clustering coefficient versus preferential exponent α. The two curves can be considered
as the clustering coefficient as a function of α with foxed network size N = 5000, which increase
monotonically with the increasing of α. The main plot and inset are of λ = 4.0 and λ = 6.0
respectively. It is clear that the clustering coefficient is sensitive to the preferential exponent but
influenced little by λ.

We did some empirical as well as theoretical works on collaboration networks
and found that the degree distributions of many real-life collaboration networks in
various fields obey the stretched exponential form approximately.59 For example, if
we consider the traveling sites as actors and the traveling routes that contain several
sites as acts, then the recommended traveling routes from the web Walkchina and
Chinavista in the year 2003 will form a Chinese touristry collaboration network,
whose degree distribution is accurately consistent with SED of c = 0.50.59
In succession, we will discuss the degree distribution of the networks generated
from our model. Since the number of both the selected nodes and new edges are
unfixed during each time step, it is hard for us to obtain the analytic results.
For comparison, we will give analytic results for a special case of this model in
Appendix B, and here, only the numerical results are shown. In Fig. 6, we report a
typical simulation result with α = 1.0 and λ = 4. The degree distribution is similar
to that of movie actors collaboration network and can be well fitted by the stretched
exponential form of c = 0.34. We have also investigated how the two parameters
affect the degree distribution. In Fig. 7, one can see that the parameter c of SED
monotonously decreases from 0.98 to 0.14 with α, the smaller α corresponds to a
“more exponential” network while the larger one corresponds to a “more power-law”
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Fig. 4. The degree distribution of scientific collaboration network,
where p(k) denotes the probR
ability a randomly selected node is of degree k and P (k) = k∞ p(k)dk is the cumulation probability. The main plot is the degree distribution. The left-down inset shows how the quantity
ln(− ln P (k)) behaves as a function of ln k, which can be approximately fitted by a straight line of
slope 0.73 ± 0.02, thus these data obey SED of c ≈ 0.73 (see Eq. (A3)). The right-up inset exhibits
k c versus ln P (k), which approximates to a line with negative slope.

Fig. 5. The degree distribution of actors collaboration network. The main plot is the degree
distribution that displays power-law only in the interval of about k ∈ [50, 1000]. The solid line is
of slope -2 for comparison. These data can be approximately fitted by SED of c = 0.45 ± 0.02.
The inset exhibits k c vs lnP (k).
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Fig. 6. A typical simulation result of degree distribution with N = 5000, α = 1.0 and λ = 4.
The main plot is the average of 100 independent simulations. The degree distribution exhibits
observed power-law behavior in its middle region, which is similar to the case of movie actors
collaboration network (see Fig. 5 or the right-up inset for comparison). The left-down inset shows
k 0.34 versus ln P (k), which is approximated to a negative line indicating that the corresponding
degree distribution can be well fitted by the stretched exponential form of c = 0.34.

Fig. 7. The parameter c of SED as a function of preferential exponent α. The value of c
monotonously decreases from 0.98 to 0.14 as α increases. All the data are the average of 100
independent simulations, where N = 5000 and λ = 4 are fixed. The pattern of degree distributions for different α can be roughly classified into four types: exponential (), non-power (F),
semi-power law (N) and power law (•).
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Fig. 8. The representative instances for the four patterns of degree distribution. Exponential
(α = 0.0), the degree distribution obeys exponential form except its tail; non-power (α = 0.4),
the degree distribution does not exhibit observed exponential or power law; semi-power law
(α = 0.9), the degree distribution exhibits observed power-law behavior only in its middle region;
power law (α = 1.5), the degree distribution displays power law in all the regions except a ridgy
head and a fat tail.

one. As we mentioned above, for α > 1.5, the networks are star-like in which
the degree of hub node (i.e., the node of maximal degree) will exceed half of the
network size, which has not been observed in the real-life collaboration networks,
and will not be discussed hereinafter. To have an intuitionistic sight into the degree
distribution of the present networks, we roughly classify those distributions into
four patterns. They are exponential, non-power, semi-power law and power
law. In Fig. 8, we show the representative instances for the four patterns. There
are no unambiguous borderline between two neighboring patterns. We have also
checked that the parameter λ affects the holistic property of degree distribution
only a little; the larger λ only makes the head larger for sufficiently big N .
In a nutshell, many real-life collaboration networks are of degree distribution lying between exponential and power-law ones that can be well fitted by
stretched exponential form, and the present model can generate networks of degree distribution from “almost exponential” to “almost power-law” containing four
patterns.
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5. Act-Size Distribution
Act-size distribution is another characteristic distribution besides degree distribution for collaboration networks, which is a particular distribution of collaboration
networks. In many real-life cases, this distribution is single-peaked, and decays
exponentially. One famous instance is the networks of corporate directors 60 in which
the act-size distribution, defined as the number of directors per board, is singlepeaked (see Fig. 8 in Ref. 55). We have also done some empirical works about
act-size distribution of collaboration networks.59 All of these networks, including
Chinese touristry collaboration network, bus route network, scientific collaboration
network, and so on, exhibit single-peaked act-size distribution. In Fig. 9, we show
two examples, the Chinese touristry collaboration network and the scientific collab-

(a)

(b)

(c)

(d)

Fig. 9. Empirical results about act-size distribution. Figures (a) and (b) show the act-size distribution of Chinese touristry collaboration network and the scientific collaboration network of
Physical Review Letters, respectively. Both the two distributions display obviously single-peaked
behavior. Figure (c) and (d) are the corresponding cumulation distributions for those two networks. The red solid curvesRare the fitting curves of exponential form. In these four plots, the
symbol s, p(s) and P (s) = s∞ p(s)ds denote act-size, the probability that a randomly selected
act are of size s, and the cumulation probability, respectively.
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oration network. In the former case, the act-size is the number of traveling sites per
traveling route; the latter one only contains the 2062 papers in Vol. 93 of Physical
Review Letters, where each paper is considered as an act and the act-size is the
number of authors. There are 98 papers having authors more than 20, which have
not been shown in Fig. 9. Both of the two distributions are single-peaked and in an
approximately exponential form.
However, the act-size distribution seems not as attractive as degree distribution, thus the observed peaked behavior has not been emphasized before. It is
always ignored,40 or only considered as an extrinsical factor,38 having nothing to
do with and thus not being affected by the evolutionary mechanism of networks. In
our model, the act-size distribution is not generated based on a static perspective
like the degree distribution of configuration model,61 but an indiscerptible part of
the dynamical mechanism of network evolution. It is clear that, when α = 0, for
sufficient large N , the act-size distribution is Poissonian distribution, single-peaked
and decaying approximately exponentially. Contrary to the case of degree distribution, the numerical study indicates that the act-size distribution is insensitive
to α.
A typical simulation result is shown in Fig. 10, one can compare this to the
empirical data for scientific collaboration networks (see Figs. 9(b) and 9(d)). We
set α = 0.4 since it makes the parameter c of the two networks pretty much the
same thing. Clearly, the act-size distribution generated by our model is consistent
with the real-life one qualitatively.

Fig. 10. A typical simulation result on act-size distribution with N = 5000, α = 0.4 and λ = 2.0.
The data are the average of 100 independent simulations. The main plot exhibits obviously singlepeaked behavior. The inset shows the corresponding cumulation distribution, which can be well
fitted by an exponential function (see the red solid curve).
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6. Conclusion
In summary, we have constructed a general model for collaboration networks, the
basic constituents of which are nonlinear preferential attachment and particular
selecting and linking rules aiming at collaboration networks. The present networks
are both of very large clustering coefficient and very small average distance, which
is consistent with the previous empirical results that collaboration networks display small-world effect. We argue that, the degree distribution of many real-life
collaboration networks may appropriately be fitted by stretched form. Numerical
study indicates the degree distribution of the present networks can be well fitted by
stretched form with the parameter c decreaing from 0.98 to 0.14 as the increasing
of α. We roughly classify the degree distribution of our model into four patterns,
exponential (bus route network in Beijing59 ), non-power (scientific collaboration network28,29 ), semi-power law (movie actors collaboration network35 and
Chinese touristry collaboration network59 ) and power law (bus route network in
Yangzhou59 ), all of which are observed in the empirical data. More intriguing, we
find that the act-size distribution is single-peaked and decaying exponentially, which
can be reproduced by our model naturally.
Although this model is too simple and rough, it offers a good starting point to
explain the existing empirical data and can be easily extended when more factors
that may affect network evolution are considered. In addition, it is obvious that
this model can be stretched to the weighted network model if the edge weight is
used to represent the times of collaborations between the corresponding two nodes.
The further statistical properties of the present networks, such as the degree-degree
correlation, the clustering-degree correlation and so on have also been investigated,
which will be published elsewhere.
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Appendix A. Power Law and Stretched Exponential Distribution
Frequency or probability distribution functions (PDF) that decay as a power law
have acquired a special status in the last decade. A power law distribution p(x)
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characterizes the absence of a characteristic size: independently of the value of
events x. In contrast, an exponential for instance or any other functional dependence
does not enjoy this self-similarity. In other words, a power law PDF is such that
there is the same proportion of smaller and larger events, whatever the size one
is looking at within the power law range. Since the power law distribution has
repeatedly been claimed to describe many natural phenomena and been proposed
to apply to a vast set of social an economic statistics,62 – 68 it is considered as one
of the most striking signatures of complex dependence. Empirically, a power law
PDF is represented by a linear dependence in a double logarithmic axis plot of
the frequency or cumulative number as a function of size. However, logarithms
are notorious for contraction data and the qualification of a power law is not as
straight-forwards as often believed. In addition, log-log plots of data from natural
phenomena in nature and economy often exhibit a limit linear regime followed by
a signature curvature. Latherrère and Sornette47 explore and test the hypothesis
that the curvature observed in log–log plots of distribution of several data sets
taken from natural and economic phenomena might result from a deeper departure
from the power law paradigm and might call for an alternative description over
the whole range of the distribution. Thus, they propose a stretched exponential
distribution (SED):
  c 
 c−1 
x
x
exp −
dx ,
(A.1)
p(x)dx = c
c
x0
x0
such that the cumulation distribution is
  c 
x
P (x) = exp −
.
x0

(A.2)

Stretched exponentials are characterized by an exponent c smaller than one. The
borderline c = 1 corresponds to the usual exponential distribution. For c smaller
than one, the distribution presents a clear curvature in a log–log plot. Based on
the reasons discussed above, we use the SED to fit the degree distribution of our
model. In the simulations, using the frequency p(k) of degree k as x-axis and k c as
y-axis, we will obtain a line with negative slope, if the degree satisfy strict Stretched
Exponential Distribution.
In the numerical case, write down the equivalent form of Eq. (A.2):
ln(− ln P (k)) = c ln k − c ln k0 .

(A.3)

Using ln k as x-axis and ln(− ln P (k)) as y-axis, if the corresponding curve can be
well fitted by a straight line, then the slope will be the value of c.
Appendix B. A Special Model for Collaboration Networks of
Fixed Act-Size
Under a very special case, the act-size is fixed. For example, if the four players
in a bridge game are considered as actors in one act, then the act-size is 4. For
comparison, in this appendix, we introduce a resolvable model for this special case.
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This model starts with a m-complete network,a where m ≥ 2. At each time step,
a new node is added and linked to all the nodes of a randomly selected m-complete
network. Under these rules, not only the act-size, but also the number of new edges
in each time step is fixed, which makes the model very easy to be analyzed.
Since after a new node is added to the network, the number of Km increases
by m, thus when the network is of order N , the number of Km is Nm = N m −
m2 + m. Note that, when a given node’s degree increases by one, the number of Km
containing this node increases m − 1, hence for any node with degree k, it belongs
to φk = km − k − m2 m-complete networks. Let n(N, k) be the number of nodes
with degree k when N nodes are present, now when we add a new node to the
network, n(N, k) evolves according to the following rate equation:44


φk+1
φk
.
(B.1)
+ n(N, k + 1) 1 −
n(N + 1, k + 1) = n(N, k)
Nm
Nm
When N is large enough, n(N, k) can be approximated to N p(k), where p(k) is the
probability density function for the degree distribution. In terms of p(k), the above
equation can be rewritten as:
p(k + 1) =

N
[p(k)φk − p(k + 1)φk+1 ] .
Nm

Using the expression p(k + 1) − p(k) =
Eq. (B.2):
p(k + 1) +

dp
dk ,

(B.2)

we can get the continuous form of

dp
N
[(km − k − m2 )
+ (m − 1)p(k + 1)] = 0 .
Nm
dk

(B.3)

Under the case N ≥ k ≥ m, this equation leads to p(k) ∝ k −γ with γ = (2m −
1/m − 1) ∈ [2, 3]. The simulation result accurately agrees with the analytic one for
large network size N .
In addition, there exists a bijection from node’s degree to clustering coefficient
as:
(m − 1)(2k − m)
.
(B.4)
C(k) =
k(k − 1)
The clustering coefficient of the whole network can be obtained as the mean value
of C(k) with respect to the degree distribution p(k):
Z kmax
C=
C(k)p(k)dk ,
(B.5)
kmin

where kmin = m is the minimal degree and kmax  kmin is the maximal
Combine Eqs. (B.4) and (B.5), note that p(k) = Ak (2m−1/m−1) and
Rdegree.
kmax
kmin Ap(k)dk = 1, we can get the analytical result of C by approximately treating
kmax as +∞. For example, when m = 2, 3, 4, 5 the clustering coefficients are 0.739,
a Here, m-complete network means the networks of m nodes fully connected to each other, which
is denoted by Km in mathematical literatures.
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0.813, 0.851 and 0.875. Further more, many real-life networks are characterized by
the existence of hierarchical structure,69 which can usually be detected by the negative correlation between the clustering coefficient and the degree. The BA network,
which does not possess hierarchical structure, is known to have the clustering coefficient C(x) of node x independent of its degree k(x), while the present network
has been shown to have C(k) ∼ k −1 , in awordance with the observations of many
real networks.69
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